We extend Y. Eliashberg's h-principle to smooth maps of surfaces which are allowed to have cusp singularities, as well as folds. More precisely, we prove a necessary and sufficient condition for a given map of surfaces to be homotopic to one with given loci of folds and cusps. Then we use these results to obtain a necessary and sufficient condition for a subset of a surface M to be realizable as the critical set of some generic smooth map from M to a given surface N .
Introduction
All manifolds and maps between them are assumed to be infinitely smooth, unless we explicitly specify otherwise, and all manifolds are assumed to be equipped with a Riemannian structure. The word "homologous" always means "homologous modulo two".
Let M and N be connected compact 2-manifolds without boundary. We will always call such manifolds closed surfaces. A map f : M → N is called generic if all critical points of f are folds or cusps. Such maps form a dense open subset in the space of smooth maps from M to N , see [12] and [1] for details. For a generic map f : M → N the folds and cusps form a smooth closed 1-submanifold of M which we denote by C. The set of cusp points P is a discrete subset of C. For every cusp point we can choose a unit normal vector to C such that the image of this vector under df is directed outwards with respect to the cusp, see Fig. 1 . Such a vector is called the direction of the cusp point. (The manifolds M + , M − and the sign of a cusp point will be defined in §2.)
−→ ↓
A (C, P )-immersion is a generic map f : M → N with the set of folds equal C \ P and the set of cusps equal P (with given directions). In this paper we answer the following question.
Question. Under which conditions on a nonempty closed 1-submanifold C ⊂ M and on a finite set P ⊂ C of cusp points with given directions is there a (C, P )-immersion f : M → N ?
If C = ∅, the answer of this question is well known since in that case f must be just a covering map. So from now on we assume C = ∅.
First we extend Eliashberg's h-principle to (C, P )-immersions in the following way. Here the manifolds M + , M − , the numbers n + , n − and the degree of a map of possibly nonorientable manifolds are defined in §2, see Lemmas 1 and 2.
Remark 1. Y. Eliashberg proved Theorem 1 in the case when N is orientable, see [3, Th. 4.8, 4.9] . In our proof we use Eliashberg's h-principle for maps with folding type singularities, see §4.
But in the case when N is nonorientable the computation of the obstruction turns out to be quite a bit more tricky. In particular, in order to handle this case we introduce the notion of twisted tangent bundles, see §5.
As a consequence of Theorem 1 we obtain the following answer to the question above.
Theorem 2. Suppose M, N are closed surfaces. Let C ⊂ M be a nonempty closed 1-submanifold with a finite set P ⊂ C of cusp points and a chosen direction at each point of P . Then there is a (C, P )-immersion f : M → N if and only if all of the following conditions hold:
This result can be viewed as the first step in the study of the relationship between a generic map, its set of critical points and the set of critical values (called the apparent contour). Our theorem generalizes the results of [4] , [7] , [8] and [13] on the combinatorial description of the critical locus of a generic map. However, not much is known about the properties of apparent contours, see [14, §6] . The next step would be to find an obstruction for a continuous map to be homotopic to a generic one with a given set of critical values.
The paper is organized as follows. In section 2 we prove two lemmas that are needed to introduce the notions used in the statements of Theorems 1 and 2. In section 3 we prove a few preliminary statements about simple closed curves and maps of surfaces. In section 4 we discuss the results from [3] and [5] which will be used in the proof of Theorem 1. In section 5 we give a combinatorial description of the vector bundle f * (T N ) where f : M → N is a (C, P )-immersion. Then in section 6 we classify 2-dimensional vector bundles up to isomorphism. Using this classification we prove Theorem 1 in section 7, and in section 8 we deduce Theorem 2 from Theorem 1.
If M 1 is a codimension k submanifold of M 2 , then we denote the Poincaré dual class of
Lemma 1. Let M be a closed surface and
Suppose C is the critical locus of a generic map f , [C] = 0 and M + , M − are as in Lemma 1. Then a cusp point of f is called a positive cusp if its direction vector is directed into M − , or a negative cusp if its direction vector is directed into M + . For example, the cusp in Figure 1 is negative. We set n + (respectively n − ) to be the number of the positive (respectively negative) cusps.
Note that if we swap M + and M − , then the values of n + and n − will be interchanged. Therefore χ(M + ) − χ(M − ) − n + + n − does not depend of which of the two submanifolds that are bounded by C is M + and which is M − .
Proof of Lemma 1. Take a simplicial decomposition of M such that C is a subcomplex. If C is a boundary of some 2-chain (with coefficients in Z/2Z), then we set M + to be the union of simplices whose coefficient is 1 and set M − to be the union of simplices whose coefficient is 0.
) is equivalent to the following one. Suppose that a closed curve α ⊂ M transversal to C preserves (resp. reverses) the orientation; then f (α) preserves (resp. reverses) the orientation in N if and only if the number of the intersection points of α and C is even.
Proof of Proposition 1. Note that α preserves the orientation in M if and only if α w 1 (M ) = 0. Similarly, f (α) preserves the orientation in N if and only if f * (α) w 1 (N ) = α f * w 1 (N ) = 0. Finally, the number of intersection points of α and C in general position modulo 2 equals α
[C], which implies the proposition.
, then the image of every component of C is a curve in N that preserves the orientation.
Proof of Proposition 2. Note that for every component α of C we have α
[C] = 0 if and only if α preserves the orientation. Then we apply Proposition 1.
For a manifold X we denote the orientation local system of X by Z X . Lemma 2. Let M, N be closed surfaces. Suppose we are given a map f : M → N such that
Under the hypotheses of Lemma 2, since
induced by f is multiplication by an integer (which is well defined up to a sign). The degree deg f of the map f is set to be the absolute value of this integer.
Proof of Lemma 2. In view of Proposition 1, the condition w 1 (M ) + f * w 1 (N ) = 0 is equivalent to saying that f maps any closed curve in M which preserves (resp. reverses) the orientation to a closed curve in N which preserves (resp. reverses) the orientation. So we get a map Z N → Z M of local systems on M , which gives us a map
In Lemma 3 in the next section we describe all possible degrees of maps M → N .
Surfaces and curves
The following statements about surfaces and curves will be used in the proof of Theorem 2.
Proposition 3. For a closed nonorientable surface S of genus g there is a basis
Proof of Proposition 3. Note that S can be viewed as the connected sum of g copies of RP 2 . Let C i be a curve in the i-th RP 2 that changes the orientation. Then we set
Recall that a closed curve is called simple if it has no self-intersections.
Proposition 4. Let S be a closed surface. Suppose a 1 , . . . , a k ∈ H 1 (S, Z/2Z) are linearly independent elements such that a i a j = 0 for i = j. Then there are disjoint simple closed curves Proof of Proposition 4. Every homology class of S can be represented by a union of closed curves. One can remove all self-intersection points using the resolution shown in Fig. 2 . Then, since S is connected, using the surgery shown in Fig. 3 we can transform the resulting union into a single curve. Note that these operations do not change the homology class. This shows that we can choose a collection of simple closed curves For all i = j the curve C i intersects C j at an even number of points, since a i a j = 0. We can remove all intersection points by induction. Suppose C 1 , . . . , C i−1 are disjoint simple closed curves. Using the resolution shown in Fig. 4 we can change C i to a collection C of simple closed curves disjoint with all C j , j < i. Since the elements a 1 , . . . , a i−1 are linearly independent, the union C 1 ∪ . . . ∪ C i−1 does not separate S. Therefore via the operation from Fig. 3 we can transform C into a single simple closed curve. Recall that a crosscap in a surface S is an embedded Möbius band. By a crosscap decomposition we mean a representation of a nonorientable surface as the sphere with attached crosscaps (or equivalently, as the connected sum of several copies of RP 2 ). If some curve C ⊂ S transversally intersects the middle of an embedded Möbius band at a single point, then we say that C goes through the crosscap.
Proposition 5. Let S be a nonorientable closed surface of nonorientable genus g. Let C ⊂ S be a simple closed curve that changes the orientation. Then either for any crosscap decomposition of S the curve C goes through every crosscap, or for any odd k < g there is a crosscap decomposition of S such that C goes through k crosscaps.
Proof of Proposition 5. If [C] = w 1 (M ), then the 2-manifold S \ C is orientable. Therefore there is no crosscap in S disjoint with C.
If [C] = w 1 (M ), then S \ C is a nonorientable surface of nonorientable genus g − 1 with one puncture. Note that for a nonorientable closed surface S of nonorientable genus g and a simple closed curve C ⊂ S that goes through k crosscaps (where k is odd, k < g) the surfaces S \ C and S \ C are homeomorphic. So there is a homeomorphism S → S that maps C to C. Then we can take the crosscap decomposition of S induced from S .
and one of the following conditions satisfied:
• both M and N are orientable;
• M is orientable, N is nonorientable and d is even;
• both M and N are nonorientable and χ(M ) ≡ dχ(N ) mod 2.
Proof of Lemma 3. For closed orientable surfaces the bound χ(M ) ≤ d · χ(N ) is a well-known fact, see [6] and [2] . One can generalize this bound to possibly nonorientable M, N by considering the orientable double covers M → M and N → N (for orientable S we set S = S S) and the corresponding map f : M → N .
Suppose both M and N are orientable. Every map of degree d such that χ(M ) ≤ d · χ(N ) can be realized as the composition of a map that collapses some handles in M and a (possibly branched) covering map.
Suppose M is orientable and N is nonorientable. Then every f : M → N such that f * w 1 (N ) = w 1 (M ) can be lifted to the orientable double cover N → N , so deg f must be even. To find a degree d map M → N we take the composition of a degree 
Then M can be viewed as the connected sum of a closed nonorientable surface M and a closed orientable surface M such that χ(M ) = dχ(N ) and χ(M ) = χ(M ) − dχ(N ) + 2. We set f to be the composition of the projection M → M and a d-fold covering M → N . Then f has degree d and f * w 1 (N ) = w 1 (M ). Suppose χ(N ) ≤ 0 and d = 0. Since χ(M ) is even, M can be viewed as the connected sum of the Klein bottle K and a closed orientable surface M . Let C ⊂ K be a simple closed curve that changes the orientation. We set f to be the composition of a retraction M → C and a map of C to some curve in N that changes the orientstion. Then f * w 1 (N ) = w 1 (M ) by Proposition 1.
Eliashberg's and Hirsch's Theorems
In this section M, N are n-manifolds and C ⊂ M is a codimention 1 compact submanifold without boundary. If ϕ : T M → T N is a fiberwise map of bundles and f = ϕ| M where M ⊂ T M is viewed as the zero section, then we say that ϕ covers f .
In the proof of Theorem 1 we will use [3, p. 1121, Th. 2.2]. Let us briefly recall the notation. A C-immersion M → N is a map with fold type singularities along C and no other critical points. A C-monomorphism M → N is a fiberwise morphism of tangent bundles ϕ : T M → T N such that the restrictions ϕ| T (M \C) and ϕ| T C are fiberwise injective and there exist a tubular neighborhood U ⊃ C and a nonidentity involution h : U → U preserving C such that over U we have ϕ • dh = ϕ. (Instead of C-monomorphisms one can consider fiberwise isomorphisms In other words, every ϕ ∈ Mon C,V (M, N ) can be deformed to the differential of a Cimmersion in the class of C-monomorphisms fixed over V . In particular, if Mon C,V (M, N ) is nonempty, then Imm C,V (M, N ) is nonempty. So instead of constructing a (C, P )-immersion it would suffice to construct just a morphism of tangent bundles that would be a fiberwise isomorphism outside C, and such that its restriction to some neighborhood of C would be the differential of a (C, P )-immersion.
We will also use [5, p. 265, Th. 5.7] . This statement is known as the relative h-principle for immersions in positive codimension.
Theorem 4 (Hirsch) . Let X, Y be manifolds such that dim X < dim Y . Suppose we are given a smooth map f : X → Y and a fiberwise injective homomorphism ϕ : T X → T Y that covers f and such that for some CW -subcomplex Z ⊂ X we have ϕ| Z = df | Z . Then there exists an immersion f : X → Y such that ϕ is homotopic to df in the class of fiberwise injective homomorphisms fixed over Z.
Twisted tangent bundle
Now we again take M, N to be closed surfaces.
In this section we will describe how to construct the vector bundle f * (T N ) where f : M → N is a (C, P )-immersion in terms of C and P . To this end we will consider an operation of reglueing of a vector bundle E → M along a codimension 1 submanifold S ⊂ M . We call such an operation a modification of the vector bundle.
Let C ⊂ M be a closed submanifold of codimension 1.
Definition. Let T C M be the rank 2 vector bundle obtained by reglueing T M along C using the differential of a nonidentity involution h of a neighborhood of C such that h| C = Id.
We can identify T M and T C M over M \ C in an obvious way. Also, the tangent bundle T C is naturally embedded into T C M .
Proposition 6. If f : M → N is a C-immersion, then for every tubular neighborhood U ⊃ C there exists a fiberwise isomorphism ϕ : Proof of Proposition 6. We can define ϕ at U as it shown in Fig 5. Note that the vector field in U \ C shown in Fig 5 that is normal to C (in local coordinates in U ) and directed towards C can be extended to a continuous section of T C M . Together with the vector field parallel to C they form a trivialization of
Remark 2. In a similar way one can define the vector bundle T C M for an arbitrary n-manifold M and its closed codimension 1 submanifold. An analog of Proposition 6 remains true. Namely, we have f
Now let P ⊂ C be a finite set of cusp points with given directions.
Definition. The twisted tangent bundle T C,P M is a rank 2 vector bundle over M obtained from T C M using one of the following two modifications: 1) We remove the tangent bundle T D i of a small disc D i 'inside' the cusp near each cusp point p i and glue it back using the loop t → cos t − sin t sin t cos t in SO(2), as shown in Fig. 6 , left.
2) We remove the tangent bundle T D i of a small disc D i 'outside' the cusp near each cusp point p i and glue it back using the loop t → − cos t − sin t sin t − cos t in SO(2), see Fig. 6 , right. In both cases the value t = 0 corresponds to the bottom point of the disc, and as t goes from 0 to 2π we go around the disc counterclockwise.
It turns out that it does not matter whether we use operation 1 or 2, as both give us isomorphic bundles, see the proof of Proposition 7.
As above, it is convenient to identify T M with T C,P M outside C. Also, we will think of T C outside any sufficiently small neighborhood of P as a subbundle of T C,P M .
Proposition 7.
If f : M → N is a (C, P )-immersion, then for any tubular neighborhoods U ⊃ C and V ⊃ P there exists a fiberwise isomorphism ϕ :
Proof of Proposition 7. Outside V the required isomorphism can be constructed as in the proof of Proposition 6. Figure 7 : The field of frames on ∂f (V ) and its preimage in T C,P M .
Let V i be a component of V that contains p i ∈ P . Consider the field of tangent frames on ∂f (V i ) shown in Fig 7, right; it can be extended to the whole of f (V i ) as a trivialization of Fig 7, left. As shown in Fig. 8 we can extend this field of frames to whole of V i . We obtain trivializations of The left part of Figure 8 corresponds to the first, and the right part to the second, operations used in the definition of T C,P M .
By construction it is compatible with the restriction of the isomorphism
T C,P M | M \V i T N | N \f (V i ) from the proof of Proposition 6 to T C,P M | ∂V i .
Definition.
A twisted differential of a (C, P )-immersion f : M → N is a fiberwise isomorphism T C,P M → T N covering f that coincides with the differential of f outside a sufficiently small neighborhood of C, and whose restriction to T C coincides with the differential of f | C outside a sufficiently small neighborhood of P .
We have just seen an example of a twisted differential in the proof of Proposition 7.
Twisted Euler class
We state the following two lemmas for manifolds of arbitrary dimension n, but we will use them only for n = 2.
Let M be a connected closed n-manifold and let E → M be a rank n vector bundle. Let Z E be the orientation local system of E with fiber Z.
Definition. The first obstruction to the existence of a nonzero section of E is an element of H n (M ; Z E ). We denote this element by e(E).
There is a standard construction of the first obstruction to the existence of a nonzero section of a vector bundle over a CW -complex, see e. g. [11, chapter VI] . To compute e for given vector bundles we will use the following equivalent method.
For a given rank n vector bundle over an n-manifold one can construct a section with a discrete set of zeroes. For each zero x i take its neighborhood D i homeomorphic to a disk. Choose an orientation of D i and an orientation of the fibers of E over D i . If we trivialize E| D i , the section over ∂D i determines a map ∂D i = S n−1 → S n−1 = S(E x i ), the unit sphere in E x i . Denote the degree of this map by a i (note that we do not assume that x i is non-degenerate).
The number a i is called the index of x i . The sum a i x i gives us an element of H 0 (M ; Z M ⊗ Z E ) and its Poincaré dual is the required obstruction e(E) ∈ H n (M ; Z E ) called Euler class of E. Note that the Euler class is functorial.
Lemma 4. Let M and E be as above.
Proof of Lemma 4. We prove Part 1 using the Poincaré duality: for every local system L on M we have
g. [10] ). We set L = Z E and k = 0. If w 1 (E) = w 1 (M ) the local systems Z M and Z E are isomorphic, so their tensor product is constant. If w 1 (E) = w 1 (M ) there is a loop which either changes the orientation of M and preserves the orientation of E, or vice versa. If we consider such a loop as an element of the singular chain group C 1 (M ; Z M ⊗ Z E ), then its boundary is equal to twice its basepoint.
. Part 2 follows from our calculation of e(E), because w n (E) = a i x i mod 2.
Lemma 5. 1. For every closed n-manifold M we have e(T M ) = ±χ(M ).
For a codimension 1 closed submanifold
Note that the sign of e is not defined, as it depends on the choice of the isomorphism
Proof of Lemma 5. A local orientation of the manifold and a local orientation of the fibers of its tangent bundle naturally determine one another. So the total space of the tangent bundle has a preferred orientation and the sum of the indices of the zeroes of a vector field is well defined. We call this sum the total index of the section. Now we can prove Part 1 as in the orientable case: triangulate M and consider a vector field which has a single zero of index (−1) k at the center of every k-simplex. The sum of the indices equals χ(M ), so Part 1 follows. Note that this sum is invariant of the vector bundle T M , so for any other vector field with isolated zeroes this sum still equals χ(M ).
Part 2 is a restatement of the following fact: A closed curve α ⊂ M preserves an orientation of a fiber of T C M if and only if α either preserves a local orientation of M and transversally intersects C at an even number of points, or reverses a local orientation of M and intersects C at an odd number of points. This implies Part 2, cf. the proof of Proposition 1.
To prove Part 3 consider the vector fields on ∂M + and ∂M − that consist of unit normal vectors directed into M + , respectively M − . The sums of the indices of any of their extensions to M + and M − are equal to χ(M + ) − χ(C), respectively χ(M − ) − χ(C). In order to see this, one considers, for given triangulations of M + and M − , an extension having a single zero of index (−1) k in every k-simplex that does not belong to ∂M + , respectively ∂M − . Any two such vector fields together form a section s of T C M .
We have natural isomorphisms
Therefore a local orientation of M determines orientations of the fibers of
Note that when we cross C once, the orientation of a fiber of T C M changes with respect to the local orientation of M . Therefore the local system Z M ⊗ Z E changes sign and the obstruction e(T C M ) equals to the difference of the total indices of s| M + and s| M − . So Part 3 follows. Part 4 can be proved in a similar way. We cut M along C and denote the resulting manifold with boundary by M . If we extend the inward unit normal vector field on ∂M to M , then the projection of the extension to T C M will be a continuous section. One can consider an extension that has a single zero of index (−1) k at the center of every k-simplex that does not belong to ∂M . The total index of this section is equal to χ(M ) − χ(∂M ) = χ(M ) + χ(C) − 2χ(C).
Lemma 6. Suppose dim M = 2, C ⊂ M is a closed 1-submanifold and P ⊂ C is a finite set of cusp points with given directions.
Here n + (respectively n − ) is the number of cusp points which direction vector is directed into
Proof of Lemma 6. Part 1 is in fact a special case of Part 2 of Lemma 5. To see this we note that Lemma 7. Suppose dim M = 2 and we are given two vector bundles E, E → M of rank 2 such that w 1 (E) = w 1 (E ) and e(E) = ± e(E ). Then E E .
Proof of Lemma 7. Since w 1 (E) = w 1 (E ), we have an isomorphism Z E Z E . Choose it so that e(E) → e(E ). Fix a point x 0 ∈ M and construct an isomorphism E x 0 E x 0 which is compatible with the isomorphism of the fibers of Z E and Z E at x 0 . We extend this isomorphism to an isomorphism of the restrictions E| U 0 and E | U 0 to some contractible neighborhood U 0 of x 0 .
The vector bundle E has a section with only one zero. If w 1 (E) = w 1 (M ), this zero has index e(E). If w 1 (E) = w 1 (M ), then by obstruction theory for every k ≡ e(E) mod 2 there exists a section of E that has a zero of index k at x 0 and no other zeroes. The same is true for E .
Choose sections of E and E that have a zero of the same index k at x 0 and no other zeroes. They can both be written as z → z k under trivializations of E| U 0 and E | U 0 compatible with the chosen isomorphism E| U 0 ∼ = E | U 0 (here we identify U 0 with the unit disk in C).
The bundles E| M \{x 0 } and E | M \{x 0 } have trivial line subbundles spanned by the sections. They are clearly isomorphic, and so are the respective quotient bundles, since w 1 (E) = w 1 (E ). Using the previous paragraph we extend the isomorphism over the whole of M .
Let us sketch another proof of Lemma 7 which can be useful in the higher-dimensional case.
The vector bundles E and E are isomorphic if and only if the corresponding maps , : M → BO(2) are homotopic. Suppose M has been equipped with CW -structure. The first obstruction to a homotopy between and is an element of H 1 (M ; π 1 (BO(2))) = H 1 (M ; Z/2Z). One can prove that this element is w 1 (E) − w 1 (E ).
Suppose we have chosen an isomorphism of E and E restricted to the 1-skeleton of M . The second obstruction is an element of H 2 (M ; π 2 (BO(2))). Here π 2 (BO(2)) Z is a π 1 (M )-module, i. e. a local system on M with fiber Z (the actions of π 1 (M ) induced by and are the same since w 1 (E) = w 1 (E )). It turns out that the second obstruction is e(E) − e(E ).
Proof of Theorem 1
The necessity of all conditions of Theorem 1 follows from Proposition 7 and Lemma 6 via functoriality of Stiefel-Whitney and Euler classes. It remains to show that these conditions are sufficient.
Suppose we are given M, N, C, P and a map f : M → N for which conditions 1.1-1.3 from Theorem 1 hold. By Lemmas 6 and 7 the vector bundles T C,P M and f * (T N ) are isomorphic. Let ψ : T C,P M → T N be a fiberwise isomorphism covering f . Take a small compact neighborhood V of P that deformation retracts onto P . We can deform f in V so that the resulting map f has a cusp (with a given direction) at every point of P and for every x ∈ V \ C the maps df | x and ψ| x belong to the same component of the space of fiberwise isomorphisms T x M → T f (x) N . Since V deformation retracts onto P , we can also deform ψ in this neighborhood in the class of fiberwise isomorphisms that cover f so that the resulting ψ| V will be a twisted differential of f | V . Next we try to extend this deformation to some tubular neighborhood of C.
First, using the Hirsch's Theorem 4 we can deform f and ψ on M \ V so that the resulting ψ is a fiberwise isomorphism and ψ| C\V is equal to d(f | C\V ). Fig. 9 shows how to do this when the images ψ(T C) and df (T C) differ on some segment of C. Figure 9 : Deformation of f to a map whose restriction to C has a prescribed differential.
−→
Second, we deform the map f outside V ∪ C (where f is already a (C, P )-immersion) so that the resulting f has folds in C. Then we choose some tubular neighborhood U ⊃ C and deform ψ outside V ∪ C so that ψ| U will be a twisted differential of f | U . We can do this since U deformation retracts onto C.
As a result, ψ| ∂U = df | ∂U . Define the morphism ϕ : T M → T N as df in U and as ψ outside U . Then ϕ| T (M \V ) is a C-monomorphism. We can now complete the proof using Eliashberg's Theorem 3.
Proof of Theorem 2
First we prove the 'only if' part. Suppose there is a (C, P )-immersion f : M → N . We need to check that M, N, C, P satisfy conditions 2.1-2.4 of Theorem 2.
By Theorem 1 we have [C] = w 1 (M ) + f * w 1 (N ) and [P ] = w 2 (M ) + f * w 2 (N ). Recall that for every closed surface S we have w 1 (S) 2 = w 2 (S). So we have
This gives us condition 2. The proof of the 'if' part uses Theorem 1. Namely, for M, N, C, P which satisfy conditions 2.1-2.4 of Theorem 2 we will construct a map f : M → N that satisfies the conditions of Theorem 1. In each of the following cases conditions 1.1 and 1.3 are easy to check, and condition 1.2 follows from 1.1 and 2.1, see ( * ).
I. N is orientable. By condition 2.2 we have [C] = w 1 (M ), so condition 1.1 is satisfied. If M is nonorientable, we can take f to be a null-homotopic map. If M is orientable, set f to be any map of degree d. Such a map exists by Lemma 3. Then condition 1.3 follows from 2.3.
II. N is nonorientable, w 1 (M ) = [C] = 0. As in the previous case, set f to be any map of degree d. We can apply Lemma 3 since d is even by condition 2.3.
III. N is nonorientable, w 1 (M ) = [C] = 0. We can again take f to be a null-homotopic map; the details are similar to the first case.
IV. N is nonorientable, [C] = 0 = w 1 (M ). In this case there exists a homeomorphism f 1 from M to the standard orientable surface M ⊂ R 3 such that the image of C is homologous to a meridian of a handle, see Fig. 10 . Let f 2 be a retraction of M to a parallel of this handle and let f 3 be a map of the parallel to some curve in N that changes the orientation. Set f to be the composition f 3 • f 2 • f 1 . In this case we do not need to check condition 1. If C preserves the orientation, then C is a meridian of some orientable or nonorientable handle, see Fig. 10 . This means that M can be viewed as a connected sum of the torus, respectively Klein bottle, and a closed surface. We set f to be the composition of a retraction of M to a parallel of the handle and a map of the parallel to some curve in N that changes the orientation.
If C changes the orientation, then 0 = [C ]
2 + w 2 (M ). Therefore our data satisfies the hypotheses of condition 2.4, so the nonorientable genus of N , call it k, is odd and it is strictly less than the nonorientable genus of M . By Proposition 5 there is a crosscap decomposition of M such that C goes through k of the crosscaps. If we collapse the other crosscaps in M , then the resulting surface M is homeomorphic to N and the pullback of w 1 (M ) equals [C ]. Then we set f to be the composition of the projection M → M and a homeomorphism M → N .
